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Exact relations on the existence of event horizons of Myers-Perry black holes are obtained in
D ≤ 10 dimensions. It is further shown that naked singularities can not be produced by “spinning-
up” these black holes by shooting particles into their bD−1
2
c equatorial planes.
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I. INTRODUCTION
Singularities can be found in many physical theories.
Generally speaking, rather than accepting the singular-
ities as legitimate physical quantities we usually inter-
pret them as non-physical solutions or a breakdown of
the theory itself. In black hole spacetimes various types
of singularities can exist; there are point-like structures
found inside Schwarzschild solutions, ring singularities
found inside Kerr black holes, and even more unusual
topologies can arise in higher dimensions [1, 2].
When these singularities are concealed by event hori-
zons they can not causally interact with outside observers
and their existence is of little consequence. However, a
surprising feature of the Kerr solution [3] is that for cer-
tain values of mass and angular momentum it describes a
naked singularity, that is a singularity unshielded by any
horizon. Specifically, the uncharged solutions possess a
horizon when
∆ = r2 + a2 − 2Mr = 0, (1)
where r is the radial coordinate, a is the angular momen-
tum per unit mass, and M is the mass of the black hole.
Solving this quadratic equation leads to the conclusion
that naked singularities are present when M < a. Such
solutions are usually dismissed by appealing to the cosmic
censorship hypothesis [4], which posits that no singular-
ity can be visible from future null infinity. Perhaps the
best evidence that Kerr black holes can not be turned into
naked singularities can be found in the intriguing results
of Wald [5]. He considers an extremal black hole and
tries to create a naked singularity by injecting particles
with enough angular momentum to achieve the above re-
lation. However, it is found that either the particle misses
the black hole completely or is repelled by gravitational
dipole-dipole type forces and so a naked singularity is
never formed.
In recent times the exploration of extra spatial dimen-
sions has been a dominant theme in high energy physics.
One reason for this is that extra dimensions are neces-
sary in quantum theories of gravity like string theory,
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secondly they have been shown in various guises to pro-
vide a novel solution to the hierarchy problem [6]. Since
these theories typically operate when gravitational effects
are strong, higher dimensional black holes are expected
to play a key role in the experimental interrogation of
these theories; in some cases observational signatures are
even predicted at the LHC [7]. In order to test these the-
ories and aid experimental searches it is useful to have
exact constraints on the black hole parameters.
In higher dimensions uncharged black hole solutions
with angular momentum have been found by Myers and
Perry [1]. To date a systematic study of the horizon
constraints on these black holes has not been performed
(although the qualitative features have been inferred in
[8] and some results in the special case of n equal non-
zero spins can be found in the recent work [9]). This
is possibly due to the difficulty in finding algebraically
closed expressions to the equation ∆ = 0. We report in
this letter that such constraints can in fact be determined
exactly in all dimensions less than or equal to ten without
having to solve this equation.
Furthermore, we will show in section IV that these con-
straints allow us to analyze whether or not rotating black
holes can be spun up into naked singularities in higher
dimensions. Recently an effort was made to repeat the
Wald gedanken experiments for Myers-Perry black holes
[10]. While their conclusions were that black holes could
not be spun up into naked singularities, such analysis
could only be performed for singly rotating black holes
or those with all angular momenta equal. Even then, for
dimensions greater than five, numerical methods were re-
quired. In this letter we go one step further and show
that none of the Myers-Perry black holes can be spun
up into naked singularities. This is done by generalising
the setup of Wald to d particles with arbitrary angular
momentum and energy where a single particle is taken
to fall into the black hole along each of the equatorial
planes.
This paper is broken up into three sections; first we
describe the MP metric then we find the black hole mass
and angular momentum constraints in section III. In sec-
tion IV we repeat the Wald experiment in the higher
dimensional space and show that naked singularities can
not be created by classical processes once a MP black
hole is formed.
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2II. THE MP METRIC
Spinning black holes in D spacetime dimensions, ηµν =
diag(−1,+1, · · · ,+1), become somewhat more compli-
cated compared with their 4 dimensional counterparts.
Due to the symmetries of flat space an independent an-
gular momentum variable ai exists for each of the bD−12 c
Casimirs of the little group of SO(D − 1). Since the
metrics have slightly different forms for odd and even di-
mensions it will be convenient to define the variables d
and σ:
d =
{
D−2
2 , if D is even
D−1
2 , if D is odd.
σ =
{
1, if D is even
2 if D is odd.
(2)
Note that d is just the number of angular momentum
parameters. Then the MP metric can be written:
ds2 = −dt2 + (2− σ)r2dα2 +
d∑
i=1
(r2 + a2i )(dµ
2
i + µ
2
i dφ
2
i )
+
(Π−∆)
ΠF
(
dt−
d∑
i=1
aiµ
2
i dφi
)2
+
ΠF
∆
dr2, (3)
where[11],
1 =
d∑
i=1
µ2i + (2− σ)α2, F ≡ 1−
d∑
i=1
a2iµ
2
i
r2 + a2i
,
∆ ≡ Π− 2Mrσ, Π ≡
d∏
i=1
(r2 + a2i ). (4)
From these metrics several other important properties
can be established [1] which we mention here for later
use. Firstly the mass and angular momenta of the black
hole are given by:
M = (D − 2)AD−2
8piG
M, (5)
Jx
iyi =
2
D − 2Mai, (6)
where AD−2 is the area of the (D − 2)-sphere, AD−2 =
2pi(D−1)/2Γ ((D − 1)/2)−1, and G is Newton’s constant.
Since the mass parameter M is proportional to the mass,
M, we will often refer to M simply as the mass.
The angular velocity of the horizon in the plane defined
by µi = 1 is given by
ωi =
ai
r2h + a
2
i
, (7)
where rh is the radius of the outer horizon. The area of
the horizon as originally presented [1] is:
A = AD−2M
κ
(
D − 3− 2
d∑
i=1
a2i
r2h + a
2
i
)
, (8)
where κ is the surface gravity:
κ =
∂r∆(rh)
4Mrσh
. (9)
However, we note that Π satisfies the differential equa-
tion:
r∂rΠ +
d∑
i=1
ai∂aiΠ = 2dΠ, (10)
which can be used to write the area in the more conve-
nient form:
A = 2MAD−2rh. (11)
Since the location of the horizons are slightly different
for odd and even dimensions it will be convenient in the
next section to analyze these cases separately.
III. MASS AND ANGULAR MOMENTUM
RELATIONS
A. D-even
In D-even dimensions the condition for the location of
the horizon is:
∆ = Π− 2Mr = 0, Π =
d∏
i=1
(r2 + a2i ). (12)
In their original work Myers and Perry pointed out that
equation (12) is a polynomial in r of order (D − 2),
and therefore algebraically closed solutions could only be
guaranteed for D = 4 and D = 6. They further noted
that the polynomial is not completely generic so solutions
for larger D might be possible, but to the present authors
knowledge in the general case no such results have been
reported.
The method we take, while different to the above,
makes use of many of the same arguments presented in
[1]. The necessary observations are that for all r > 0
∂rΠ is a strictly increasing function that is zero at r = 0.
Since M > 0 there is exactly one real and positive min-
ima, r˜, of ∆: ∂r∆(r˜) = 0. One can further show that
∆(r = 0) ≥ 0 (where equality occurs iff one or more of
the spin parameters is zero) and ∂r∆(r = 0) < 0. There-
fore there are only three possibilities for the number of
horizons, depicted in figure 1; either ∆ never crosses the
axis leaving no solutions, just touches the axis in a de-
generate solution or completely crosses the axis giving
two distinct horizons.
Our strategy to find the allowed black hole parameter
space proceeds as follows. Let r˜ be the unique minima of
∆ for positive r. Then the black hole will have a horizon
if:
∆(r˜) ≤ 0, r˜ > 0. (13)
3r
 r
D
FIG. 1: Thick line: ∆(r˜) > 0 there is a naked
singularity. Thin line: the minimum occurs at the
r-intercept there is a degenerate horizon. Dashed line:
∆(r˜) < 0 horizons occurs at r-intercepts.
The reason for restricting, r˜, to positive values is that
when ∆(r˜ = 0) = 0, then the horizon at r˜ will have
zero area (see equation (11)) and so in this case a naked
singularity would be exposed. Therefore strict inequality
must be assumed in this case (i.e., when one or more of
the spin parameters is zero). From here on this will be
implied in our definition of the inequality symbol.
Since the inequality is saturated when ∆(r˜) = 0, equal-
ity occurs iff r˜ is also an r-intercept. Therefore,
M ≥ Π(r˜h)
2r˜h
, (14)
where r˜h is defined as a solution to the simultaneous set
of equations
∆(r˜h) = 0, ∂r∆(r˜h) = 0. (15)
The solution to these equations defines a surface in the
parameter space for which the horizons are degener-
ate. Since we have two constraint equations we can find
M˜({ai}) and r˜h({ai}) solely in terms of the angular mo-
mentum parameters, where M˜ and r˜h are the extremal
mass and radius for a given set of {ai}.
It is important to emphasize that finding the degen-
erate subspace turns out to be significantly easier than
solving equation (12). Furthermore, once r˜h is found it is
a relatively straightforward task to input it into equation
(14), and thereby obtain the constraint. Eliminating M
from equations (15) results in the single equation:
0 = r˜h∂rΠ(r˜h)−Π(r˜h). (16)
Using the product expansion:
j∏
i=1
(r2 + a2i ) =
j∑
i=0
r2iAj−ij , (17)
with the coefficients conveniently defined as
Akn =
∑
ν1<ν2<...νk
a2ν1a
2
ν2 . . . a
2
νk
, (18)
where vk are summed over the range [1, n], 0 ≤ k ≤ n
and A0k ≡ 1, equation (16) can be written as
P2(r˜h) =
d∑
i=0
(2i− 1)r˜2ih Ad−id = 0. (19)
We observe that upon redefining r˜h in terms of a squared
variable, the equation has algebraically closed solutions
for all even D ≤ 10.
This polynomial can also be used to find an upper
bound on the extremal radius, which may be useful for
example in larger than ten dimensions. Since P2 is less
than zero at the origin and equal to zero at the extremal
horizon an upper bound on r˜h can be determined by find-
ing a value of r for which the polynomial is positive. Since
it is only the constant term which is negative it is easy
to see,
r˜h ≤ min
i
|ai|. (20)
As an example of how the polynomial can be used to
find an exact relation, we calculate the constraint in D =
6. In this case the polynomial reads:
0 = 3r˜4h + (a
2
1 + a
2
2)r˜
2
h − a21a22, (21)
with solution given by
r˜2h =
−(a21 + a22) +
√
(a21 + a
2
2)
2 + 12a21a2
2
6
, (22)
so the D = 6 Myers-Perry black hole has a horizon iff
M ≥ (r˜
2
h + a
2
1)(r˜
2
h + a
2
2)
2r˜h
. (23)
It is satisfying to note that if we put a2 = 0 the constraint
becomes M > 0 reproducing the well known result that
in even dimensions there is always a horizon if one or
more of the spin parameters is zero [1].
In figures 3b and 2b we plot the allowed parameter
space for black holes normalised with M = 1 for D =
6 and D = 8 respectively. These figures nicely agree
with the qualitative features predicted by the technique
described in [8].
B. D-odd
Next we consider the D-odd case. In this case, it is
more convenient to use l = r2. The location of the hori-
zon is found by the equation:
∆ = Π(l)− 2Ml = 0, Π =
d∏
i=1
(l + a2i ). (24)
As pointed out by Myers and Perry, by Galois’ theorem
this equation has closed solutions for D = 5, 7, 9 (and
even a closed solution in terms of elliptic functions for
D = 11). Our method unfortunately does not get any
further in the number of dimensions. However, it does
allow the constraint to be easily determined.
Starting from equation (24), as in the even case ∂lΠ is
strictly increasing for l > 0, however now ∂lΠ(l = 0) can
be greater than zero. This implies ∆ will have a unique
4minimum for l > 0 iff 2M > ∂lΠ(l = 0). First consider
the solutions for which 2M ≤ ∂lΠ(l = 0). Because ∆(l =
0) ≥ 0 and ∆(l → ∞) = +∞ and because there are no
turning points for l > 0 the only position a horizon could
occur at is l = 0, but this would be a zero area horizon
and would therefore expose a singularity. Therefore, we
must have 2M > ∂lΠ(l = 0). Since ∆(l = 0) ≥ 0 we
find that we have the same possibilities for the number
of horizons as in the even case. Performing the same
analysis again we find that:
l˜h∂lΠ(l˜h)−Π(l˜h) = 0, M ≥ Π(l˜h)
2l˜h
. (25)
Where again the inequality in equation (25) must be re-
placed by a strict inequality when l˜h = 0. The polyno-
mial for the odd case is:
P1(r˜h) =
d∑
i=0
(i− 1)l˜ihAd−id = 0. (26)
Using a similar argument to the one used in the even
case we can use this polynomial to find an upper bound
on the extremal radius:
r˜h ≤ min
i 6=j
{√aiaj}. (27)
It is easy to verify that for D = 5 the polynomial
becomes l˜2h = a
2
1a
2
2 and we recover the known relation:
2M ≥ 2|a1a2|+ a21 + a22. (28)
When D = 7 we have:
l˜h =
1
6
(
−(a21 + a22 + a23) +
1
p
(a21 + a
2
2 + a
2
3)
2 + p
)
,
p3 = −(a21 + a22 + a23)3 + 54a21a22a23 + 6
√
3 (29)
×
√
−(a21 + a22 + a23)3a21a22a23 + 27(a41a42a43),
and
M ≥ (l˜h + a
2
1)(l˜h + a
2
2)(l˜h + a
2
3)
2l˜h
. (30)
Equation (29) actually defines three solutions; the cube
root must be taken so that l˜h is non-negative. When
we set one spin to zero, we get the expected exceptional
behaviour l˜h = 0 and the bound is replaced by a strict
inequality. In fact, in any odd dimension for a1 = 0:
M >
1
2
d∏
i=2
a2i . (31)
Furthermore, setting one more spin to zero gives the
usual unbounded behaviour [1].
In figures 3a and 2a we plot the black hole parameter
space (M = 1) for D = 5 and D = 7 dimensions re-
spectively. This again validates the qualitative features
predicted by the technique described in [8].
(a) D = 7 (b) D = 8
FIG. 2: The solid region indicates parameters for which
black holes have a horizon. M = 1. (left) D=7, the
prongs extended out towards infinity, in the ai = 0
plane the remaining two spins are bounded by
hyperbolas (31). (right) D=8, in this case the ai = 0
planes are always part of the allowed solutions.
C. Other MP varieties
Since solutions with the full set of non-zero angular
momentum parameters can be difficult to examine, sev-
eral varieties of these black holes are commonly explored.
The most important of these being those with all spins
equal, these are also known as cohomogeneity-1 black
holes. We find for these that:
2M ≥
{
(2d)d|a|(2d−1)(2d− 1)1/2−d, if D is even
a2d−2dd(d− 1)1−d, if D is odd,
(32)
in agreement with what has been presented previously in
the literature [12].
It is interesting to consider the large dimension limit of
these solutions. When the number of angular momentum
parameters, d→∞, the solutions will have a horizon for
a < 1, regardless of the value of M > 0. In the same
limit, for a ≥ 1 the mass would need to be infinitely
large to avert naked singularities.
While equating all the spin parameters greatly sim-
plifies the solutions much of the interesting behaviour is
lost in this process. However, one can generalise this idea
to higher cohomogeneity so that some of the features of
multiple parameters can be probed while simultaneously
keeping a lot of symmetry. Cohomogeneity-2 black holes
are constructed by taking the whole set of non-zero spin
parameters and setting each one of them to either the
value a or the value b. Plots of the angular momenta
constraints for cohomogeneity-2 black holes can be seen
in figure 3. Likewise the process can be generalised to
cohomogeneity-3 black holes where three sets of param-
eters a,b and c are used, we show the cohomogeneity-3
black holes in dimensions D = 9 and D = 10 in figure 4.
Next we will use the constraints obtained to show, us-
ing arguments similar to that of Wald, that in higher
dimensions MP black holes can not be spun-up past the
extremal solution.
5(a) D = 5; a = a1, b = a2 (b) D = 6; a = a1, b = a2
(c) D = 7; a = a1 = a3, b = a2 (d) D = 8; a = a1 = a3, b = a2
(e) D = 9; a = a1 = a3,
b = a2 = a4
(f) D = 10; a = a1 = a3,
b = a2 = a4
FIG. 3: Cohomogeneity-2 black hole regions M = 1.
Plots (a) and (b) are the usual D = 5 and D = 6
dimensional black hole regions with a unique parameter
on each axis. In the other cases some of the parameters
have been equated as shown in the subtext.
IV. CLASSICALLY SPINNING UP A
MYERS-PERRY BLACK HOLE
From our analysis of the horizon structure we were able
to determine the condition on M and ai under which the
black hole was an extremal solution. Having these re-
lations are equivalent to having in the 4D case the well
known equation M2 = a2 + e2. It is then natural to see
whether the Wald analysis, for which the extremal con-
straint equation was critical, can be carried out in higher
dimensions. In effect, starting with an extremal solu-
tion, we want to see whether we can destroy the horizon
(a) D = 9; a = a1 = a4, b = a2,
c = a3
(b) D = 10; a = a1 = a4,
b = a2, c = a3
FIG. 4: Cohomogeneity-3 black hole solids M = 1.
by throwing in particles with orbital angular momentum.
We consider d particles falling along each of the d-
equatorial planes [13]. Each particle is given an indepen-
dent energy Ei and angular momentum Li.
From our previous results the extremal solution was
given by:
M˜ =
Π(r˜h, ai)
2r˜σh
. (33)
Using equations (16) or (25) it can be shown that ∂r˜hM˜ =
0 therefore, as we expect, the extremal mass is only a
function of the spin parameters and we can write:
dM˜ =
d∑
i=1
∂M˜
∂ai
dai =
1
2r˜σh
d∑
i=1
ai
∂Π
∂ai
dai
ai
, (34)
The spin parameter is a function of both the angular mo-
mentum in the i-th direction and the mass (5), therefore,
the spin parameter will change when there is an increase
in the mass of the black hole even if there is no angular
momentum absorbed in that direction. Since dM˜ = ET
where ET is defined as the sum of all the energies Ei we
obtain:
dai
ai
=
1
M˜
(
(D − 2)
2
Li
ai
− ET
)
. (35)
First we assume that none of the spins are zero. At the
extremal radius equation (10) reduces to the relationship:
d∑
i=1
ai
∂Π(r˜h)
∂ai
= (D − 3)Π(r˜h), (36)
Using this we find that for the particles to create a naked
singularity the total energy absorbed by the black hole
must be less than:
ET <
d∑
i=1
aiLi
r˜2h + a
2
i
=
d∑
i=1
ωiLi. (37)
If one or more of the spin parameters are zero then r˜h =
0. In this case there is no extremal solution since the
6horizon area vanishes. Nevertheless, our approach would
still be valid for arbitrarily small but non-zero values of
one or more spin parameters.
We now investigate how much energy the infalling par-
ticles can have at the horizon. Since all d equatorial
planes are symmetrical, we only need to consider the
geodesic of a single particle in the metric defined along
the µ1 = 1 equatorial plane [12]; the following analysis
will be identical for each of the other infalling particles.
In this plane the metric (3) becomes:
ds21 = −
(
1− (Π−∆)(r
2 + a21)
Πr2
)
dt2 +
Πr2
∆(r2 + a21)
dr2
+
(
r2 + a21 +
a21(Π−∆)(r2 + a21)
Πr2
)
dφ21
− 2a1(Π−∆)(r
2 + a21)
Πr2
dtdφ1. (38)
The geodesic equation [5, 14] is given by
D2xµ
Ds2
=
d2xµ
ds2
+ Γµρσ
dxρ
ds
dxσ
ds
= 0, (39)
which can be derived from the Lagrangian
L = 1
2
gµν(x)
dxµ
ds
dxν
ds
,
=
1
2
(gttt˙
2 + gφφφ˙
2 + 2gtφt˙φ˙+ grr r˙
2). (40)
Since the Lagrangian is independent of t and φ there
are two conserved quantities along the particle worldline
which are associated with the energy and angular mo-
mentum at infinity respectively:
− E = pt = ∂L
∂t˙
= gttt˙+ gtφφ˙, (41)
L = pφ =
∂L
∂φ˙
= gφφφ˙+ gtφt˙. (42)
We consider both time-like (δ = −1) and null (δ = 0 )
trajectories. Then from the particle 4-velocity we have:
δ = gµν
dxµ
ds
dxν
ds
= 2L. (43)
Given that:
g2tφ − gφφgtt =
∆r2
ΠF
≡ ð (44)
it is relatively straight-forward to invert the metric and
find that along the trajectory E satisfies the equation:
0 = gφφE
2 + 2LEgtφ + gttL
2 + (δ − grr r˙2)ð (45)
Solving this quadratic equation, keeping the solution for
which the energy at infinity is positive, we obtain:
Ei ≥ −Ligtφ
gφφ
. (46)
The relevant metric components at the horizon are:
gtφ = −a1(r˜
2
h + a
2
1)
r˜2h
, gφφ =
(r˜2h + a
2
1)
2
r˜2h
. (47)
We are then able to deduce that the sum of the energies
of all the d particles at the horizon indeed satisfies:
ET ≥
d∑
i=1
Liωi, (48)
which is precisely the inequality necessary to prevent
these processes from destroying the horizon. Therefore
naked singularities can not be formed by spinning up MP
black holes.
It is worth mentioning that even if a black hole satisfies
the constraints presented it may not be stable; classical
instabilities [15] are known to arise in the ultra spinning
regimes. In arriving at our main result in section IV clas-
sical particles obeying well-defined geodesic trajectories
were used, it would be interesting to investigate whether
the quantum nature of these particles alters our conclu-
sions [16].
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